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Abstract 

Let denote the diamond graph, formed by removing an edge from the complete graph 
K4. We consider the following random graph process: starting with n isolated vertices, add 
edges uniformly at random provided no such edge creates a copy of . We show that, with 
probability tending to 1 as n — > 00, the final size of the graph produced is 0(^/log(n) • n 3 ' 2 ). 
Our analysis also suggests that the graph produced after i edges are added resembles the random 
graph, with the additional condition that the edges which do not lie on triangles form a random- 
looking subgraph. 

1 Introduction 

The H-hee process, where H is a fixed graph, is the random graph process which begins with 
a graph Go on n isolated vertices. The graph d is then formed by adding an edge e, selected 
uniformly at random from the pairs which neither form edges of Gj_i nor create a copy of H in 
Gi-i + ej. The process terminates with an H-kee graph Gm with M = M(H) edges. 

The earliest result on an iT-free process is that of Rucihski and Wormald [8] , who showed the 
maximum-degree d process terminates in a graph with [nd/2\ edges (here H is the star with d+1 
leaves) with high probability. (We say a sequence of events A n occurs with high probability, 
or simply w.h.p., if lim n _ >00 Pr (A n ) = 1.) Erdos, Suen and Winkler considered the triangle-free 
and odd-cycle-free processes, showing that w.h.p. the odd-cycle-free process terminates with 0(n 2 ) 
edges, and that w.h.p. M(K 3 ) = n(n 3 / 2 ) and M(K 3 ) = 0(log(re) • re 3 / 2 ), as well as bounds on the 
independence number of Gm(k 3 )- 

The more general H-free process was considered by Bollobas and Riordan [3] and by Osthus 
and Taraz [7]. For a graph G, let e(G) denote the number of edges and v{G) the number of vertices. 
We say a graph H is 2-balanced if 

e(H) - 1 > e(F) - 1 
v(H) -2 ~ 17(F) - 1 

for all proper subgraphs F of H with v{F) > 3, and strictly 2-balanced if the inequality is sharp 
for all such F. Bollobas and Riordan produced lower bounds on the H-iree process for strictly 
2-balanced H, as well as upper bounds matching the lower bounds up to a polylog factor for 
H £ {K4,C4}. Osthus and Taraz then produced upper bounds matching, to a polylog factor, the 
lower bounds for the strictly 2-balanced case. Wolfovitz [12] considered the case of regular strictly 
2-balanced H, producing an improvement in the expected value of the final size that yielded new 
lower bounds on the Turan numbers ex(n, K T)r ) for r > 5. 
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Finally, Bohman [1] succeeded in showing w.h.p. M(K^) = 0(y / log(n) • ra 3 / 2 ), confirming a 
conjecture of Spencer [9], and that the independence number of Gm(k 3 ) is of order 0(^log(n)-n 1 / 2 ), 
through an application of the differential equations method (we refer the reader to [15] for the 
general method and examples), and consequently produced lower bounds on the Ramsey number 
R(3,t) matching Kim's celebrated result [6]. Bohman also produced a lower bound on M(K^) of 
order il(^/log(n)n 8 ^) as well as bounds as the independence number, improving the best known 
lower bounds on i?(4, t). Bohman and Keevash [2] then produced new lower bounds for the size of 
the H-free process for strictly 2-balanced H, as well as bounds on the independence number for a 
range of H. An immediate consequence of their work was an improvement on the asymptotic lower 
bounds for the Ramsey numbers R(s,t), s > 5 and t sufficiently large, as well as for the Turan 
numbers ex(n, K rjr ), r > 5. 

We emphasize that the majority of the work mentioned so far has treated the strictly 2-balanced 
case. We are aware of no nontrivial lower bounds (see Theorem 1 of [7]) for the general case when 
H is 2-balanced. For the diamond graph , we have 

e(iT 4 -)-l e(K 3 )-l 
v(KZ)-2 v(K 3 )-2' 

so K± is 2-balanced but not strictly so. On the other hand, it is reasonable to suspect that the 
final size of the diamond-free process is of the same order of magnitude as that of the triangle-free 
process, and our main result is that this is the case. 

Theorem 1. With high probability, 

M(K^) = Q( v / log(n)-n^ 2 ). 

Very recently, Warnke [11] and Wolfovitz [13] have independently established upper bounds on 
M(K±) that match Bohman's lower bound to within a constant factor, but for most graphs H 
containing a cycle, determining the final asymptotic size of the H-free process remains open. 

Our argument consists of adapting the approach of [1] for the triangle-free process to the 
diamond- free process. We note that a graph G is diamond- free if and only if every edge of G lies 
on at most one triangle. It follows that the edges in the neighborhood of any given vertex form a 
matching, and consequently a(G) > A(G)/2: bounding the independence number yields a bound 
on the final size of the graph constructed by the process. 

As an additional comparison to the triangle-free process, suppose that as we progress through 
the diamond-free process, we color the ith. edge blue if its addition does not create a triangle, 
and green otherwise. Let Gbiue an d G green denote the blue and green subgraphs of Gm- Clearly 
Guue is triangle-free, and e{Guue) > |e(Gjif). Our arguments imply the following bound on the 
independence number of Gbiue'- 

Theorem 2. There is a constant 7 > such that, with high probability, a(Gbi U e) < 7y / log(n) • n. 
Note that Theorem 2 implies the upper bound in Theorem 1. 

1.1 Comparison with the Strictly Dense Case 

A fascinating idea underlying the analysis of the H-free process for strictly 2-balanced H is that the 
graph Gi produced after i edges are added resembles the random graph G(n,i), chosen uniformly 
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at random from all graphs on n vertices with i edges, for i up to the point where the number of 
copies of H in G(n, i) is roughly the same as the number of edges. For strictly 2-balanced H, this 
is when i ~ n 2 ~ (' u (- ff ) _1 )/( e (- ff ) — Lending support to this intuition, Bohman and Keevash [2] show 
that the number of copies of a given H-free graph in Gi is roughly the same as in G(n, i), for i up 
to a multiple of n 2 ~^"^ H ^~ l ^^ H ^ 1 ^ \og[n) 1 / ^ H ^~ l \ (Similar results for the triangle-free process 
were obtained by Wolfovitz [14]). Extending results of Gerke and Makai [5] for the triangle- free 
process, Warnke [10] showed that there are constants ci,C2 depending only on H so that, w.h.p., 
the graph Gm(h) contains no subgraphs on at most n Cl vertices with density at least C2- As a result 
of our analysis, one can modify Warnke's approach to show the existence of constants c\ and C2 so 
that the same conclusion holds for G M ^ K -y, we leave these details to the interested reader. 

We take the view that the graph Gi produced by the diamond-free process resembles the random 
graph G(n, i), or, to simplify our view, the binomial random graph G(n,p), where p = p(i) = 2i/n 2 , 
but with an additional property that the edges which do not lie on triangles of Gi form a random- 
looking subgraph. For p = 2y / log(n)/y / n, for example, w.h.p. every pair of vertices in G(n,p) 
has codegree at least 2 and consequently every pair of vertices that is not an edge would create a 
diamond if added, suggesting our upper bound on M(K^). On the other hand, if a pair of vertices 
uv has codegree 0, or has codegree 1 but neither edge connecting u and v to their mutual neighbor 
lies on a triangle, then the addition of uv to the graph would not create a diamond. The edges 
which do not lie on triangles play an important role in our analysis, but it is reasonable to suspect 
that they are uniformly distributed among the edges. 

We mention that there is a more substantial difference between the diamond-free process and 
strictly 2-balanced case. For the general H-free process, we say a pair of vertices uv in Gi is open 
if it does not form an edge of Gi and Gi + uv is H-free. If a pair uv is not an edge of Gi and is not 
open, we say it is closed. Bohman and Keevash's analysis (see Lemma 6.1 and Corollary 6.2 in [2]) 
shows that in the early evolution of the process for strictly 2-balanced H, the open pairs effectively 
look the same, in the following sense: if uv,u'v' are distinct open pairs in Gi, then the probability 
that uv becomes closed by the choice of e^+i is nearly the same as the probability u'v' becomes 
closed, up to relative error terms that tend to as n — > oo. In the diamond- free process, as one 
might suspect, it will turn out that open pairs whose addition would create a triangle are more 
likely to become closed than those whose addition would not. This difference will have a nontrivial 
effect on our continuous approximation for the number of open pairs in a given step. 

1.2 Random Variables 

Let [n] = {1,2, ... ,n} be the vertex set of the process, and Gi be the graph given by the first i 
edges selected by the process. Gi partitions (^) into three sets: Ei,Oi,Ci. The set Ei is simply 
the edge set of Gi. We say a pair uv G ('^) \ Ei is open, and uv G Oj, if Gi + uv is diamond-free; 
otherwise uv is closed and uv G Cj. 

As any pair with codegree at least 2 in Gi must be closed, we partition Ei into Eq^\JE\^ and Oi 
into Oo,j U 0± t i, where pairs in Ej^ and Ojj have codegree j in Gi. For j G {0, 1} let Qj(i) = \Oj^\ 
and let Q(i) = |Oj|. 

Viewing JQ" as having a "central" edge of codegree 2 and four "outer" edges of codegrees 1, it 
follows easily that Oo,i is the set of all pairs in (^) \ Ei of codegree 0. It also follows that a pair 
uv G ('g ) \ Ei of codegree 1 lies in Oi t i if and only if the edges connecting u and v to their mutual 
neighbor lie in Eq^. Returning briefly to the blue-green coloring introduced in the previous section, 
we also note that edge is blue if and only if G Oo,i-l- Thus, every edge in Eq^ is blue, but 
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every triangle in Gi contains two blue edges and a single green edge. 

We introduce the continuous time variable t and relate it to the process by setting t = t(i) = 
ijr?l 2 . As mentioned above, we take the heuristic view that the graph Gi produced by the process 
resembles the random graph G H:P , where p = p(t) = 2i/- v /re, with the exception that it contains 
no diamonds. We view the edges that do not lie on triangles, Eqi, as forming a random subgraph 
with r(t)n 3//2 edges. Loosely speaking, we select each edge with probability p(t), and from those 
edges we select those which do not lie on triangles with probability r(t)/t. 

If we suppose that the variables are close to their expected values, this suggests that 
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and by the comments above, 



,'2r(t)\V / It \ 2 \ M 4rlt) 2 e-"' . 



To determine r = r(t), we suppose that it is differentiable: assuming 

I -Eo.il ~ r(t)n 3 / 2 , this 

implies |i?o,i+i| — I -Eo.il ~ r '(^)- Of course, when we add an edge from Oo,i> |-Eo,i| increases by 1, 
while when we add an edge from 0\^, |-Eo,i| decreases by 2, so the expected one-step change in 
| -Eb.il is approximately 



Qo - 2Qi 1 - 8r 
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Qo + Qi 1 + 4r 2 ' 

This suggests the differential equation 

dr 1 — 8r 2 



(1) 



dt 1 + 4r 2 

with initial condition r(0) = 0, which has the following implicit solution: 

8t + 4r(t) - 3\/2 • arctanh(2\/2 • r(t)) = 0. (2) 

It follows from (1) and (2) that r(t) is nondecreasing and lim^oo r(t) = l/2\/2. Presuming these 
approximations are valid, this suggests the diamond- free process terminates with t = 0(-v/log(rj)), 
which is precisely what we will show. 

To justify these approximations, we introduce the following definitions: for pairs uv G (^)j ^ 



X U v(i) = {w G [n] 
Y uv (i) = {w G [n] 
Z U v(i) = {w G [n] 



uw, vw G Oi}, 

\{uw, vw} Pi Ei\ = \{uw, vw} n Oi\ = 1}, and 
uw, vw G Ei}. 



We call vertices in X uv {i) open with respect to uv, vertices in Y uv {i) partial with respect to uv, 
and vertices in Z uv (i) complete with respect to uv. Additionally, if w G Y uv (i) and, say, uw G Oi, 
we say the pair uw is partial with respect to uv, and we write Y uv (i) for the set of partial pairs. 

Similar to the analysis of the triangle-free process, we will use the partial vertices to track the 
changes to the open pairs, and the open vertices to track the changes to the partial vertices. To do 
so effectively, we will need to further partition X uv and Y uv , and we will first give some motivation 
for that. 
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Suppose we have G{ and e^+i is selected. If ej+i G Oo,i 5 then the only open pairs which become 
closed connect ej+i to Y ei+1 (i) - but not every such pair becomes closed. For w G Y ei+1 (i), we have 
u> € Y ei+1 (i + 1) if and only if the edge connecting e^+i to w lies in Eq^ and the open pair lies in 
Oo,«- As the addition of e$+i did not create a triangle, both ej+i and the edge connecting to to ej+i 
lie in £?o,t+i) while the open pair connecting w to ej+i lies in Oi^+i. 

On the other hand, if ej+i = uv £ Oi i, then letting z be the unique common neighbor of u and 
u in Gj, the open pairs which become closed are all of those which connect ej+i to Y ei+1 , as well as 
all open pairs connecting uz to Y uz (i) and to Y vz (i): uv, uz, and vz then lie in £1,4+1- 

Consequently, we define the following subsets of X uv : for uv G ( v), let 



^o,™(0 


= {u> 


g ^™(«) 


uw,vw G O ,j}, 






= {u> 


G 


n O ,i = !}• 


and 




= {ui 


G X u „(i) 


mo, ui« G 0± t i and Z nM 


(i)nZ TO (i) = 0} 



We note that these sets do not necessarily partition X uv . However, if w G X uv (i) with Z uw (i) n 
Z vw (i) 7^ 0, then u,v,w lie in the neighborhood of some vertex z: the addition of either uw or to 
in a later step implies the other is closed, so those w will never lie in Y uv . 

We partition Y uv (i) into sets Yj^ jUV {i) for j, k G {0, 1} as follows: for (j, A;) 7^ (0, 0), let 

Yj,k,uv{i) = {w G y m ,(i) : |{iiu>,mw} CiEj ti \ = 1 = |{itw,«io} nO M |}, 

i.e. the codegree of the edge connecting w to uv is j and of the open pair connecting w to uv is fc. 
Let Yofi jUV (i) be the set of w G 5^(0 such that the edge connecting uv to w, say uro, lies in Eqj 
while the open pair connecting uv to to, in this case vw, satisfies Z vw (i) \ {u,v} = 0. 

The apparent disparity in the definition of lo,o,™ is to allow us to keep track of vertices partial 
to edges in Eq^. If uv ^ Ei, then w G Yofi )UV (i) if and only if the codegrees of both the edge and 
the open pair connecting w to uv are 0, while if uv G Eq^, then Y uv (i) = Yb,o,ut;00- We also note 
that contribution to 1o,o,mu(0 can only come from Xq >uv . 

We will only track the random variables |Xi )UV |, |X2 jm) | and |ij,fc,M«l) ^ (0, 0) , over pairs 

uv Ei, and we will only track |Xo uv | and |Yb,o,u'u| over pairs not in E\^. Formally, we will set 
X\, uv {i) = Xi jUV (i — 1) if uv G Ei, etc., which ensures the sets we are considering are well-defined 
throughout the process. Finally, as above, we will use the notation Yj^^ uv (i) to refer to the set of 
partial pairs connecting uv to Yjk uv (i). 

1.3 Trajectory Derivation 

Our results will follow from an application of the differential equations method. The general idea 
of the method is as follows: suppose we have a collection of sequences of random variables, and 
we can express their one-step expected changes in terms of the variables themselves. This yields a 
system of ordinary differential equations, and we argue that the variables are tightly concentrated 
around the trajectory given by the solution of the system. We mention that the arguments in this 
section will also be primarily heuristic, but they will be rigorously verified in later sections. 

The variables we will track are the Qj, \Xj tUV \, and lY^uvl- We begin by supposing that they are 
well-approximated by smooth functions qj,Xj,yj^ as follows: Qj(i) ~ qj(t)n 2 , \Xj <uv (i)\ « Xj(t)n, 
and \Yj^,uv{i)\ ~ Vj,k{t)y/n for all uv ^ Ei, and the approximations hold for |Jfo jW (i)| and |lo,o,m>(OI 
for all uv G Eq^ as well. Let q = qo + qi and y = ^ • k yj^- it follows that Q(i) « q{t)n 2 and 
|*ro(*)l ~ y{t)Vn f° r P airs uv Ei- 
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We also assume that for given distinct pairs uv and wz, the intersection of Y uv (i) and Y wz (i) 
is sufficiently small that the probability that ej+i lies in both is negligible. If our variables follow 
the expected trajectories closely enough, then as t(i + 1) = t(i) + -^jj2, the conditional expected 
one-step changes should be 

E(Q i (i + l)_g j (i)) « ^-v^, 

doc - 

mXj,uv(i + 1)1 - \X hUV (i)\) « -^■- r , and 

E(|y i:fe)W (i + i)|-|^- fc:W (i)|) « 



We begin with the Q.,: suppose e*+i = uv. If G Oo.ij then the pairs in Y uv (i) \ Yq^ jUV {i) 
become closed, and the pairs in Yq^ uv {{) move from Oq.i to 0\^ + \. If uv G Oi,i, then, letting 
z G Z uv (i), all pairs in Y^i) U ^uz(i) U Y^zW become closed. Consequently, 

E(Qo(« + 1) - Qo(i)) ~ — |*o,o,u«(«)l ~ |*i,o,««(*)l ~ - (2/0,0 (*) + yi,o(t))Vn, and 

Qo(»)(lA),o(t)>/n) + <9i(0(-2yo,o(i)v / ^) 



+ 1) - QiO')) ~ -|>b,i,«;(*)l - + 



Q(i) 



/,n /.x , go(*)l/o,o(*) -2gi(*)2/o,o(t) > \ / - 
-2/o,i (*) - (*) + 777 Vn, 

suggesting the differential equations 

dqo , dqi q y 'o,o - 2giyo,o 

-77- = -2/0,0 - 2/i,o and — = -y 01 - y ±1 H ■ !-. 

etc ui go + <?i 

Next, we turn to the open and partial vertices. We explicitly derive the differential equations 
for xq and yo,o : the remaining equations, which we will state afterwards, fall out along the same 
lines. Suppose that uv £ and let w G X 0jUV (i). The probability that w ^ X 0:liv (i + 1) is roughly 
Ml i „ n 

q(t) ^72' b ° 

ihyiv r^-ni Ik nn~ i y m 2 ^ 1 ~ 2x (t)y(t) l 

yielding the differential equation dx^jdt = —2x y/q. Similarly, the probability that w G ^o,o,™(^ + 
1) is approximately d|y • 4j. 

Now, fix a it?' G lo,o,™(z)> an d suppose uw' G i?o,i and G Oi (recalling that vw' G Oo,i if 
to ^ £Jj but vw' G Oi^ if uv G i)- Then the probability that w' £ Yq q uv (i + 1) is approximately 
y(t)+yo,o(t) . and consequently 

Tfftw r.-j. 1M iv Ann ~ iv I 2 1 iv rM y (*) +f0.o(*) 1 

E(|r 0i0 ,™(^ + 1)| - \Yo,0,uv{l)\) ~ |^0,w|-777, • -o _ 



/2x (t) jto,o(*)(y(t) + ito,o(*)) > \ i 



yielding the differential equation 



dyo,o _ 2x - yo,o(y + yo,o) 
dt q 
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Analogous arguments for the remaining variables produce the system 

dqo dqi (q - 2q 1 )y 0fl 
-tt = -Vo,o ~ 2/i,o, -it = -Vo,i ~ 2/i,i H , 

dx _ 2x y dxi _ 2x y 0)0 - 2x 1 {y + y ,o) dx 2 _ zi2/o,o - 2x 2 (y + 2y 0)0 ) 



dt q dt q dt q 

(3) 

dy ,o = 2go-yo i o(y 0| o + 2/) dy ,i = zi + 2/q,q - 2/0,1(2/ + 3j/ , ) 

dt q dt q 

dyifi x i + 2/o,o _ 2/1,02/ d2/l,i 2x2 + 2/0,12/0,0 + 2/1,02/0,0 -2/1,1(2/ + 22/o,o) 
— = ! , and — -2- = '■ '■ '■ '■ '■ '—. 

dt q dt q 

As |0 0l o| = (2), |Oi,o| = 0, \X ,uv(0)\ = n-2, and \X jjUV (0)\ = and \Y ktl>uv (0)\ = for all 
uv G ('2^)5 3 e {1, 2}, and k, I G {0, 1}, we get the initial conditions 

?o(0) = ^, 9i (0) = 0, x (0) = 1, Xj(0) = and y k)l (0) = for j G {1, 2}, k, I G {0, 1}. (4) 

Our earlier estimates using suggested that qo = e _4 * 2 /2 and q\ = 4r(t) 2 e _4 * 2 /2, and thus the 
probability a pair lies in | Oj i | is approximately 2q,j . Applying this approach to the Xj and y^i , this 
suggests 

|*o,ut,(*)l ~ (n-2)(2g )-(2<Zo), 
and therefore xq = (2go) 2 - Similarly, 

\Y 0! o,uv(i)\ ~ (n - 2) • 2 ■ . (2%), 



in 

and consequently 1/0,0 = 2(2r(i))(2go)- Analogous computations yield 

x x = 2(2 go )(2<Zi), and x 2 = (2 gi ) 2 , 

as well as 

2/o,i = 2(2r(t))(2< 7l ), y lj0 = 2(2(i - r(t))(2g ), and ^ = 2(2(t - r(i))(2 9l ). 

One can verify that this does (incredibly!) yield the solution to the above system, which we state 
as a theorem: 

Theorem 3. The system (3) with initial conditions (4) has the unique solution 

q (t)=e-^/2, gi (t)=4r(t) 2 e- At2 /2, 

XQ (t) = e- st2 , Xl (t) = 8r(t) 2 e- st2 , x 2 (t) = 16r(t) 4 e - 8 * 2 , 

9 9 (5) 

y ,o(t) = 4r(t)e- 4t , y ,x(t) = 16r(t) 3 e" 4 ' , 

yx,o(t) =4(t-r(t))e- 4 * 2 , and yijl (t) = 16r(t) 2 (t - r(t))e" 4 * 2 , 
where r(t) satisfies (2). 
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1.4 Results 

Now, we formally state our results: let K be a sufficiently large constant, and let 

i-t 

Mt 2 +t) aJt\ = l+ / K6 y {r) dr, 6. M = .-^fi (*\ «nH ft (A = ^ 

Jo 



(t) = e" (t +t> , 9Jt) = l+ K9y(r) dr, x (t) = e _4t y (t), and 6 r (t) = e 4t 9 y (t). 



Define 5 K = 6 K -n 1 / 6 for k = y,q, x, r. Let < e < 4r, and let /i = fi(e, K) > be sufficiently small 



so that 6 y yyLyJ\og(n)j < n e for all n sufficiently large. (We note that /i = ^ suffices.) Finally, let 
m = jU-\/log(n) • n 3 / 2 . 

First, we show that, for < i < m, the estimates derived in the previous section are valid: 
Theorem 4. With high probability, for all i, i = 0, . . . , m, 

Q 3 {i) = ( qj (t)±5 q (t))n 2 for je {0,1}, 

\X 0>uv (i)\ = (x (t) ± 5 x (t))n foruv£Ei ti , 

\ x j,uv(i)\ = (xj(t) ± S x (t))n for j > and uv E i} 

\Yo,o,uv(i)\ = (yo,o(*) ± S y (t))y/n for uv G" E Xti , and 

\Y j>k ,uv(i)\ = (Vj,k(t) ± 8y(t))Vn for j,k £ {0,1}, (j,k) ^ (0,0) and uv E { . 

As e 4 ' 2 < 9 y {t) < n e and e < 1/12, we have q{t) > ^ and 2<5 g (i) < < Qo(t)/2 for n sufficiently 
large and < i < m. This implies Q(m) > and thus the lower bound of Theorem 1. 

We next show that, with respect to the edges and the open pairs, Gi remains approximately 
regular throughout: for v G [n] and j G {0, 1}, let 

Wj tV (i) = {w G [n] : w G and Nj tV (i) = {w G [n] : uu> G 

and let dj tV (i) = \Nj tV (i)\. 

Theorem 5. With high probability, for all v G [n], j G {0, 1} and i = 0, . . . , m, we have 

\W jlV {i)\ = (2 qj (t)±5 q (t))n, 
d ,v(i) = (2r(t)±5 r (t))n 1/2 , and 
= (2(t-r(t))±5 T (t))n 1 / 2 . 

It follows from Theorem 5 that w.h.p., \Eq^\ = (r(t) ± ^) n3 ^ 2 f° r * = 0, . . . ,m, and we note a 
second important consequence: 

Corollary 1. With high probability, A(G m ) < 2(/xy / log(n) + 5 r )n 1 / 2 . 

Next, let Gbiuei be the blue subgraph of Gi. Theorem 2 follows from the next result: 



Theorem 6. There is a constant *y > such that, with high probability , Oi{G\,i ue ^ m 

The remainder of this paper is organized as follows: Section 2 contains a few technical pre- 
liminaries, including a lemma from [2] which will allow us to justify our differential equations 
approximations. In Section 3, we prove Theorem 4. In Section 4, we prove Theorem 5. Finally, in 
Section 5, we prove Theorem 6. 
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2 Preliminaries 



2.1 The Differential Equations Method 

We use the notation "±" in two distinct ways throughout this paper. The notation a ± b will 
be taken to mean the interval {a + xb : — 1 < x < 1}; distinct instances of ± used this way 
in the same expression will be treated independently, i.e. (a ± b)(c ± d) will be taken to mean 
{(b + x\c)(d + X2e) : — 1 < xi, X2 < 1}. We will also write a = b ± c instead of a € 6 ± c. 

For a sequence of random variables A(1),A(2), . . . „ we will use A 1 * 1 to denote pairs of sequences 
of nonnegative random variables A + (l),A + (2), . . . and A~ (1), A~ (2), . . ., such that 

A{i + l)-A{i) = A + {i)-A-{i). 

Similarly, for a differentiable function f(t), we will use / + and /~ to denote the positive and 
negative parts of f'(t). 

To show that the variables follow the conjectured trajectories, we appeal to an approach to the 
differential equations method presented in Lemma 7.3 from [2]. Aside from notation changes (Uj jA 
in place of Xj^ A , U ■ a in place of Y^ A ), the only difference between the statement here and in [2] is 
that we have set an error parameter e,- = 0; our arguments will not rely on it. 

We reproduce from [2] the setup for the necessary lemma: suppose we have a stochastic graph 
process defined on [n], where n is large. Let I be a fixed positive integer, and for j G [I], let kj,Sj 
be parameters (which can depend on n). 

Now, suppose for each j £ [/] and A G (fi), there is a sequence of random variables Uj t A(i), 
defined for i = 0, . . . , m and measurable with respect to the underlying graph process. 

Further, we suppose 

U jjA (i + 1) - U j>A (i) = Uf A (i) - Urji), 

where U^ A {i),UJ A {i) > 0. We relate these sequences to functions on [0,oo) by letting t = i/s for 
some function s = s(n) that tends to infinity. The goal is then to argue that, for some collection 
Uj(t) of continuous functions, 

U j>A (i) « Uj(t)Sj 

for all j G [/] and A G (v}} , i = . . . , m. We view 1 < j < I as the type of random variable, and 
the set A as giving its position in the graph. The parameter Sj is the size-scaling for the variable. 

Lemma 1 ([2], Lemma 7.3). Let < e < 1 and c, C > be constants, and suppose for each j G [/] 
we have a parameter Sj(n) and functions Uj(t),9j(t),^j(t) that are smooth and nonnegative for 
t > 0. For i* = 1, 2, . . . , m, let Qi* be the event that 

U j>A (i)=(u j (t)± 6 J^jS j 

for all 1 < i < i* , 1 < j < I, and A G (^)- Suppose there is also a decreasing sequence of events 
Hi, 1 < i < m, such that linin^oo Pr(T-L m \ Qm) = 1> and that the following conditions hold: 

1. (Trend Hypothesis) When conditioning on Qi f\rli, we have 

E(^)^( f ) ± Mfi)f, 
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for all j G [I] and A G where u^(t) and hj(t) are smooth nonnegative functions such 

that 

u'j(t) = u+{t) - uj(t) and hj(t) = (7j)'(*); 

2. (Boundedness Hypothesis) For each j G [I], conditional on Qi A Hi, we have 

3. (Initial Conditions) For all j G [I], we have Jj(0) = and [7^(0) = Sjitj(0) for all A G (j^)/ 
4- We have n 3e < s < m < n 2 , m < n e l 2 s, s > 40Cs 2 kjn e , n 2e < sj < n~ e s, 

inf^-Ct) -7i(t)/2>c, 

roc 

sup\uf(t)\ <C, sup|u'-(i)| < C, / \u'Ut)\ dt < C, 
t>0 J t>o Jo 

rm/s 

sup \hj(t)\ < n e , / \h'j(t)\ dt 

0<t<m/s JO 

Then Pr[Q m A ~H m ] — > 1 as n ^ oo. 

We mention three technical issues which will arise from our application of Lemma 1, all of 
which are easily dealt with. The first is that we will apply Lemma 1 to prove Theorems 4 and 
5, as well as Lemma 4 in Section 5. In our proof of Theorem 5, we include the conclusion of 
Theorem 4 up to step i in our high probability event Hi, while our proof of Lemma 4 will include 
the corresponding conclusions of both Theorems 4 and 5 in Hi. To avoid needing to verify that 
lim n _ >00 Pr (H m \G m ) = 1 each time, we formally view the three applications of Lemma 1 as a single 
large application. However, for ease of reading we prefer to separate the three arguments and 
present them individually. 

The second issue is that a few of our variables do not have initial error 0. We will instead 
point out in these cases that the initial error is o(Sj/sj), and view our arguments as applied to the 
variables Uj t A(i) — (C^j,a(0) — Uj(0)Sj): as our error terms are of the form Q(l)Sj/sj, this subtlety 
can mostly be ignored. We mention that one could easily modify the proof of Lemma 7.3 from [2] 
such that the conclusion holds with the weaker assumptions that the initial error is o(Sj/sj) and 
lim^oo Pr(H m ) = L 

The final issue is that we only track some of our variables over a restricted collection of pairs. 
Recall that, say, we only track 1X2^ (i) I over pairs A ^ Ei, whereas the variables in the lemma 
are tracked over all of (^)- We handle this by modifying the definition of the variables as follows: 
for the variable Uj^ii) corresponding to 1-^2,^4 (^) I , if A ^ Ei we set Uj t A(i) = \X2 t A(i)\, while if 
A G Ei, we set Uf A (i - 1) = u+(£(i - l))Sj/s and Uj A (i - 1) = uj(t(i - l))Sj/s, and Uj jUV (i) = 
U j)A (i-l) + U+ A (i-l)-U7 A (i-l). 

Consequently, if A G Ei, the trend hypothesis follows trivially, and the boundedness hypothesis 
follows from the inequalities |tt - | < C and s > 40Cs 2 kjn £ . If, on the other hand, A ^ Ei, 
we appeal to the fact that the trend hypothesis asserts that K(U^ A (i)\Qi A Hi) lies in an interval 
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centered at ufSj/s. As E(Uf A (i)\giAHi) is a convex combination ofK(U^ z A (i)\QiA'HiA(A <£ E i+1 )) 

and E(J7- yl (i)|^i A A (^4 G -Ei+i)) = itj Sj/s, it suffices to show the bounds of the trend and 
boundedness hypotheses hold, conditioned on Qi A Hi f\ (A ^ Ei + \). 

2.2 Inequalities and Additional Lemmas 

Most of our arguments will focus on applying Lemma 1, the most technical part of which is verifying 
the trend hypothesis for each of the variables. The aim of this section is to compile a collection of 
simple observations which facilitate the later computations. 

First, from Theorem 3, the definitions of 9 y ,6 x , 6 q , and recalling that < r{t) < l/2\/2, it 
follows that for t G [0, ii\J\og{n)], the following inequalities hold: 

3 

Qi < Qo, Xj <x = 4q%, yo o < 2V2q , y(t) < 12tq < -, 

5y = o(5 x ), 5% = o(8 q ), 5 x = 2q 5 y , 25 q < q /2, and t5 q <5 y . 
From these inequalities, we can easily show the following lemma: 



Lemma 2. For t G [0, /iy / log(n)], assuming all functions below are evaluated at t and n is suffi- 
ciently large, 

(q a ± 5 q ){y K i ±dy) c q a ■ y k>l ± ^ 



q±25, 



{x ±5 x ){y Kl ±5y)_ Q ^rm ±{l20t + 5)6x 



1 



q±25, 

Xj±6x C ^±24^, and 



q±25, 



g 



(Vk,i ± S y )(y k ',i' ± 6 y ) c y kt i ■ y k ^y ± ^ 

q±25„ q V ' 



Proof. As the same algebraic manipulations are employed to prove all four containments, we ex- 
plicitly show the second one: 

(xj±5 x )(y k ,i±5 y ) ^ _Xjykj_ ^_ f 5 x y kt i + 5 y Xj + S x 5 y 



q±25 q ~ q±25 q \ q /2 



c XjVk,l ± ( XjVk,l( 25 q) mq 5 x + 4ql5 y + 2q 5 y ] \ 
~ q \q(q-25 q ) ' q /2 J 

xjmi ± / (4g|) • iy + + 8gQ + ^ 

C ± (96*(2 go <fj,) + 24t4 + 4^ + 4) 

q 

= ^±(i20t + 5 )i 



□ 
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While the exact values of the constants in the right-hand side of Lemma 2 are themselves not 
essential to the argument, what is essential is that they are independent of the actual value of K. 
This implies that replacing instances of q a , xj,yk t i with (q a ± 6 q ), (xj ± 5 X ), (y^,/ ± 6 y ) in the positive 
and negative parts of for example, produces error terms of the form 0(t + 1)S X , where the 
constants hidden in the 0() notation are independent of K. Similarly, the same substitutions in 
the positive and negative parts of -tH produce error terms of the form 0(t + l)S y , and in ^ the 
error terms have the form 0{l)5 y . Our verification of the trend hypothesis will essentially follow 
from this observation by choosing K sufficiently large. 

Finally, as in the triangle- free process we will ultimately show that |Z u „(z)| is suitably bounded 
throughout the diamond-free process, specifically that < log 2 (n) for < i < m. This 

bounding of the codegrees allows us to argue that relatively few open pairs are partial to many 
distinct pairs in Gf. 

Lemma 3. Conditioned on \Z UV 

(01 < !og 2 (ra) for all uv G ( [ ™ ] ), if A C ( [ ™ ] ) \ E hi , the number of 
open pairs which are partial to at least two distinct pairs in A is at most ('^') log 2 (n). 

Proof. If uv,u'v' G (v) \ are disjoint, there can be at most two pairs which are partial with 
respect to both uv and u'v'. If, on the other hand, uv,vw G (^) \ Ei,i are distinct, the number of 
pairs which are partial to both is at most \Z uw {i)\. □ 



3 The Lower Bound - Proof of Theorem 4 

To prove Theorem 4, we apply Lemma 1 with the following values: s = n 3 / 2 , e = 1/12, m is as 
given in the introduction, c = 1/2, and C is a suitably large constant. Additionally, Sj = n 1 / 6 and 
7j = 9j — 1 for all j. 

• For j G {1, 2}, we set kj = n, Sj = n 2 , Uj \ n ] = Qj-i, Uj = qj-i, and 6j = 9 q . 

• For j G {3,4,5}, we set kj = 2, Sj = n, Uj^A = |-^j-3,a|) Uj = and 6j = 9 X . 

• For j G {6, . . . , 9}, we set kj = 2, Sj = ^fn and 6j = 9 y . We let Uq^a, ■ ■ ■ , Ug^A and uq, . . . , ug 
be |>o,o,a|, |>o,i,-4-|, ■ ■ ■ , \Yi,i,a\ and y ,o, • • -,yi,i, respectively. 

• We let Hi* be the event that \Z uv (i)\ < log 2 (n) for all uv G ( [ ™ ] ), l<i<i*. 

Finally, we recall that we are only tracking |lo,o,™| and |Ao im) | over uv ^ En and the remaining 
|Xj im) | and (Ifc,;,™! over uv ^ Ei. As mentioned in the discussion in Section 2.1, formally, for, say, 
j = 5 (corresponding to |X 2; aWI); A € Ei we set U£ A {i — 1) = a^(i(i — l))n/n 3 / 2 , U^ A (i — 1) = 
X2 (t(i — l))n/n 3 / 2 , and 

U (i) = ^ Xo ' A ^ UA^Ei 
M \U 5A (i-l) + U+ A (i-l)-U+ A (i-l) XAeEi. 

And, as mentioned, we will verify the trend and boundedness hypotheses by conditioning on the 
event Qi A %i A {A ^ Ei + \). Throughout the remainder of this section we will implicitly assume 
the appropriate stopping-time modification for each of the affected variables, but write, say, | ^2,^4 1 
and X^ A in place of L^a and U 5A for ease of reading. 
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We note that, for each j, hj(t) = "/At) = 9j{t) } so 



hj(t) 



§6 y if i e {1,2} 

2(K-4)t+K 6x ifiG{3)4)5}) and (6) 

2 -^S y if je {6,7,8,9}. 



As was done following the proof of Lemma 2, the constants hidden in the 0() notation throughout 
this section will be independent of K: from (6) it will follow that some K suitably large suffices. 

As Q o (0) = (2) = Qo(0)n 2 - § and, for all uv G \X OjUV (0)\ = n - 2 = x (0)n - 2, it 

follows from n/2 = o(n n / 6 ) and 2 = o(n 5//6 ) that the initial conditions of Lemma 1 are met. The 
remaining sections are devoted to showing the remaining conditions holds. In Sections 3.1-3.3, we 
verify the trend and boundedness hypotheses of Lemma 1. In Section 3.4 we verify the condition 
lim n ^ oo Pr[H m \Q m ] = 1. Finally, in Section 3.5, we verify Condition 4 of Lemma 1 regarding the 
analytic requirements of our functions. 



3.1 Open Edges 

Here we verify the trend and boundedness hypotheses for Qo,Q\. As mentioned previously, we write 
Qj(i + 1) — Qj(i) = Q^(i) — Qj(i), where Q~j~ (i) , Qj (i) > 0. Provided doing so is unambiguous, 
we will simply write Qo in place of Qo(i), qo in place of qo(t(i)), etc.. 
We begin with Qq: clearly Qq(i) = 0, while 



Consequently, 



|*0,0,e i+ i| + |*i,o,e i+ il + 1 if e i+ \ G O 0)i 
|^0,0,e i+ i| + |^l,0,e«+il ^ e i+l e 



E(QoWlftAWi) = (2/o,o ±^)v^+(yi,o±^)v^±l 
C ( y 0j0 + yifl ± ( 28 y + —)) y/n 



C (yo,o + 2/1,0 ± 3<5 y ) v 7 ^, 
as 1/y/n <C (Sy, so the trend hypothesis for Qo holds by (6). 

Turning to Q±, we see 

io,o,e i+ il if G Oo, ; 

otherwise. 



Qo • (2/0,0 ± gp) y/n 

Q 

(qo ±s q ) (2/0,0 ±8 y 




q±2S, 
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c (^±0(1)5^. 
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Next, we turn to Q 1 (i): if e i+ i E O ,i, then Q l (i) = |Yb,i,e i+ i| + |ii,i,e i+ il- If e«+i G then, 
supposing ej + i = and letting 2 be the unique vertex in Z uv (i), 

Ol t i \ Ol,j+l = Yq,1,uv U Y\,l,uv U Yb,0,mu U iOjtVmu- 

As Fo,o,utu n 10,0,^ = {uv}, Y 0) o,uw n 5^„ = 0, and lo,o,w n Y uv = 0, it follows that Q^ii) = 
|^0,l,ui;| + 1^1 ,l,uv \ + \Yo ,0,uw 
Therefore, 

Qo ■ (yo,i + yi,i ± 2(5 y ) y 7 ^ + Qi • (2/0,1 + + 2yo,o ± 4<5 y ± -j=) y/n 
HQi(i)\Gi^Ui) = ^ ^ 

c L,i + yi fl + ± O(l)iy) 



so the trend hypothesis holds for Q\ by (6). 

For the boundedness hypothesis, it follows from the same considerations above that the max- 
imum change in any of the is at most (y + 2yo,o + 6<5 y + ■^)y / n < \yfn < n 1 ^ 1 /^ e for n 
sufficiently large. 



3.2 Open Vertices 

As in the previous section we begin with the trend hypothesis and show the boundedness hypothesis 
afterwards. Suppose first that uv ^ Ei t i, and let \Xo tUV (i + 1)| — |Xo, w (i)| = Xq uv (i) — Xq uv {i). 
Trivially Xq uv (i) = 0, we focus on E(Xq uv (i)\Gi A Hi A (uv ^ ^i^+i)). Formalizing the argument 
given in the introduction, fix a w G Xq uv {i). Then w ^ Xq uv {i + 1) if and only if 

Y uw (i) U Y vw (i) U {uw, vw} if uv ^ Eq^, and 

(Y uw (i) U Y vw (i) U {uw, vw}\ \ Y uv (i) if uv G £<),i- 

As £/j holds, conditioning on uv ^ -Ei^+i forbids only e$+i = if ut> G and e^+i G lo,o,u'u(0 
if ej+i G Eo t i. It easily follows that this forbids fewer than 10y/n choices, and thus e, + i is selected 
uniformly at random from 

Q(i) ± 10v^ = Q(i) (l ± C Q(i) (1 ± o(5 x )) 

open pairs (recalling that Q(i) > n 2_e /4 by the inequalities q(t) > l/2n £ and 25 q (t) < qo(t)/2). 
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Applying Lemmas 2 and 3, 



c\\r av At dv^ f \Y uw \ + \Y vw \±(31og 2 (n) + 2) \ 

(x ± 4)n • (2Eo<j,k<i(yj,k ± ± 41 °^ (n) ) 



(l±o(5 x .))(9±2^)n 2 
c f^ ± fo(t + l)4 + (xo + ^ )41 ° g2(n) ^ (1±0( ^ )) 



V ? V v^(<?o/2) yy 



v ? v v n y y v n 

c (^±0^ + 1)^)4=, 



as < n-V6 < ^ 

x , verifying the trend hypothesis for 



Next, we turn to X\\ suppose uv g Ei, and let \Xi >uv (i + 1)| — |-Xi )UV (£)| = -X"^ w («) - A^ ni) (z). 
As we now condition additionally on uv ^ which prevents only e^+i = uv if € Oj, e^+i is 

again chosen uniformly at random from Q(i) ■ (1 db o(5 x )) choices. It follows from the definitions 
that X 1)UV (i + 1) \ X ljUV (i) C X 0)UV (i): a vertex io G X 0)UV (i) lies in Xi tUV (i + 1) if and only if e i+ i 
lies in the symmetric difference of io,o,muW an d ^o,o,uiu (*) • Consequently, 

/ ■ \ I /-> . n, a / ri w l*o,o,«™l + l*o,o,in"l ± log 2 (n) 
E(^WI^A^A( W ^^ +1 )) = ^ Q(l±ofe)) 

log 2 (") 



- (l±o(«5 :[ .))(g±2 ( 5 g )n 2 

C (x+±0(t + l)<5 x )4=- 
-v/n 



Next, let w G and, supposing wu; G Oi^, let z be the unique element of Z vw (i). Then 

w d Xi jUV (i + 1) if and only if 

P-i+i G 5^u,(i) U y^u(i) U U Y wz (i) U {w,™}. 
Recalling that Y vz = Y 0) o, vz and Y wz = Y ,o >wz , 

w(y- avr kv a ( d tp \\ 1^1 + + l y o,o,^l + \Y ,o, wz \ ± 71og 2 (ra) 

E (-^i,««(0lft A Ki A («« £ ^+0) = 2^ Q(l ±o(<k)) 

(xi ± (2y + 2y , ± 10<5 y ± v 7 ^ 

- (l±o(«5 :[ .))(g±2 ( 5 g )n 2 
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and the trend hypothesis for |.Xi )Ut ,| follows. 

Finally, we turn to X 2 : suppose uv £ Ei and \X 2iW (i + 1)| — \X 2 , U v(i)\ = X^ uv (i) - X^ uv (i)- 
We first note that X 2tUV (i + 1) \X 2jUV (i) f= Xi jUV (i). This follows from the fact that if w G Xo )UV (i) 
and the choice of e^+i results in both uw,vw G Oi,t+ij then ef+i = ui-z for some z G Z uv (i), and 
therefore Z uw (i + 1) n Z vw (i + 1) 7^ 0. 

Therefore, fix a w; G Xi jUV (i), and suppose uw G Oo,i and uw; G Oi^. Let z be the unique vertex 
in Z vw (i). Then w G -X2 Wt; (i + 1) if and only if 

e i+ i G Y ,o, uw (i) \ \ Y vw (i) U Y vz (i) U ^(i) U {uz,wz}^j . 

Applying the same manipulations as above, therefore 

£ («d,o±^±^)VS 



C (x+±0(t + l)4)^. 



Now, fixing a it; G A^,™^) and letting 2 G Z uw (i), z' G Z vw (i), we see that «; ^ X 2 . uv {i + 1) if 
and only if 

e;+i G {mw.to} U U Y uz {i) U ^(i) U Y vw (i) U ^(i) U ^/(z) 

Appealing to Lemma 3 and applying the same reasoning, it follows that 

16 log 2 (n)' 



(x 2 ± 4) 2y + 4y , ± 125, ± 
E^WIftAWiA^^x)) = I \ 1±o( , x))(g±Mg 



'9 

1 

/n 

and the result follows from (6). 




C (x2±0(t + l)6 x ) 



For the boundedness hypothesis, as at most \\pri open pairs are affected by the addition of 



ej+i (i.e. go from open to closed or Oo,i to Oi^+i), the maximum value of l-Aj^J is at most 



upcn lu uiuseu ui Lyo,i me iiici-x.iiiiLuii vaiuc ui l^v"'" 

|Vn < n 1 - 1 / 3 "72. 
3.3 Partial Vertices 

We begin with |Yb,o,™>l : suppose ^ Ei^, and |lo,o,™(« + 1)1 - \Yo,o,uv(i)\ = Y^ 0uv (i) - Y^ 0uv (i). 
By the stopping-time modification we condition on uv £ which, as noted previously, implies 

ej + i is selected uniformly at random from Q(i)(l ± o(5 x )) Q Q(^)(l ± °($y)) open pairs. 

Let u; G Xo >m) (z). Then u; G Yb,o,uv(* + 1) if and only if ei + \ G {uw,to}, and consequently 

vr(v+ nifA^l 2|X 2l ^ /2(xo±4)\ 1 f2x , nm .\l 
E(W»)l&A7fc) = Q ^ { q±25q ) n = - 

Next, let w G Y 0i Q jUV (i), and suppose G E 0ji and G 0{. Then u; ^ io,o,uu(* + 1) if and 
only if 

[ (Y uw U Y vw U {vw}) \ {uv} if uv E 0ti , 
Cj+l G s /~ ~ \ ~ 

I Y uw U U {vw} \ Y 0> o,uv if w G £b,i- 
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Therefore, 

nY - 0t jg i An i A(uv^E 1 , i+1 )) 

V (VOfi ± Sy) + Eo^Mk ± S y ) ± 

(2/0,0 ± *„) ((^,o ± 5 y ) + Eo<j, fc <i(yj,fc ± ± ^^g^) \ 1 
(l±o(<g)(g±2<g ) n 



C 



c f yo,o(y + yo,o) ± , 1)5 , (y + WVfo))^ (i±o(<g) 



(q /2)^/n J J n 
(24t + 4e 4 *\)(41og 2 (n))\ \ (1 ± o($ y )) 



c ^ - ± I 0(t + 1)5, + i -g 

c („- o± ( 0((+1) , + i^))(i±^ 



C (y- ±O(t + 1)^)1 

by noting that 4e 4<2 <5, / < i/log(n) and, provided // < 1, i < -\/log(n). 

For the remainder of this subsection, it is sufficient to consider only uv ^ Ei, and we note 
conditioning on Qi A Hi A {uv ^ -Ei+i) leaves Q(i)(l ± o(5y)) equally likely choices for e«+i. We 
begin with |Yb,i,w|: let \Y 0>1)UV (i + 1)| - \Y 0> x >uv (i)\ = Y^ 1>uv (i) - Y^ 1>uv (i). Clearly contribution to 
YQ^uv{i + 1) can only come from X\^ uv {i) or io,o,wu(*)i and a vertex in -Xi im ,(i) enters io,i,m>(* + 1) 
with probability 1/(Q(1 ± o(<5 y )). We therefore focus on the probability a fixed u> G io,o,M«(i) enters 
5^b,i,w(* + 1) : suppose mw G £Jo,i and to G Oo,i- For w to lie in Yb,i,w(^ + 1)) we must have 

G Oi,j+i and w G £"0,4+1, which occurs if and only if e»+i G lb,o,t;w(^) \ ^mo- 

Therefore, 



C 



|-Xp,m>l + Eu,gy , ,„„ ((2/0,0 ± MV" ± lQ g 2 W) 
Q(l±o(* y )) 

' (x ± 4) + (2/0,0 ± *„) ((2/0,0 ± *„) ± i 2 ^) \ 1 



(l±o(5 y ))(q±25 q ) n 



C (y +±O(i + 1)^)1. 



7? 



Suppose now that w G Yb,i,u V (i), and that G Eo t i,vw G Oi,i, and z is the unique vertex in 
Z vw (i). In order to have w ^ 3^b,i, U u(« + 1), we must have 

e i+ i G (1W, U U Y wz U Y^, U {ro}) \ {to} = (Y vw U Y 0>0;UW U Fo.o.tua U F 0i o, TO U {vw}) \ {uv}. 
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Therefore, 



(Eo<j,k<i(y^ ± S y )) + 3(y , ± 5,) ± 




c 



(l±o(«g)(g±2<g I n3/2 

' (l/b,i ± ^) ((£o<^<ife ± + 3(^0,0 ± 5,) ± I^f=i 



(l±o(<y tf ))( g ±25,) 




C [y^±0(t + l)5 y )K 

Next, let |yi )0|W (« + 1)| - |yi,o,ut>(*)| = Y i^o, U v( i ) ~ Y i^o,uv( i )- Contribution to Yi >0>uv (i + 1) can 
only come from X\ tUV (i) or Yq^ uv {i): a vertex from X^ uv {i) enters Y\$ uv (i + 1) with probability 
1/(Q(1 ± o(5 y ))), so consider a vertex w G lb,o,™(*)- Suppose that uw G £?o,t while uro G Oo,i- 
Then w G Yi,o,m;(« + 1) if and only if e i+ i G 5o,o,mu \ ^u>, so 

HY^uMGi^Aiuv^E^)) = Q(l±o(6 y )) 

C (y+ ±O(t + l)Sy)^. 

Next, let it; G Yi,o,w (*)> and suppose G E'i,, and wro G Oo,j. Then w G" ii,o,«i;(* + 1) if and 
only if ej+i G U {to}) \ {uu}. Therefore, 



Ho<j,k<i(.yj,k±6v)Vn±l- 
Q(l ± (<5j,)) 



c ( y - ±o(t + i)<y/ 



Finally, let |Yi,i, uw (i + 1)| - |Yi,i, u1 ;(i)| = Y^ l uv (i) - Y{~ l uv (i). We see first that contribution to 
Yi t i >uv (i + 1) can only come from X2 !UV (i), Yq^ uv {%) or Y\^ uv ({). It is trivial to see that it cannot 
come from Xq^ uv (i) U Xi tUV (i), but we mention that it cannot come from Yq$ )UV (i) either. To see 
this, suppose w G Yq^ jUV {i) with uw G Eq^ and vw G Oo,i- If the addition of ef+i results in both 
Zuwii + 1) 7^ and Z vw (i + 1) 7^ 0, then ej+i = for some z G Z uv (i). As then z G Z vw (i + 1) 
and wz G #1,1+1 (u,w,z form a triangle), uw G' Oi,i+i and w ^ 5^.,i,ut;(* + !)■ 

To determine the expected contribution, it follows easily that a fixed vertex in X2 tU v(i) enters 
^i,i,uv(*+l) with probability 2/ (Q(l±o(5 y ))). Suppose now that w G Yq^ uv (i), and that uw G Eq^, 
vw G Oi,j, and 2; G Z vw (i). Thenw G Y 1>liUV (i+l) if and only if e i+1 G Y 0fitUW \(Y vw UY 0fi:VZ UY 0fi)WZ ). 
Finally, suppose w' G Yip iUV (i), and that uw' G #1,1 and uw' G Oo,i- Then w' G + 1) if and 

only if e» + i G F 
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Combining these observations, 



_ 2|^2,U + EweYp^ {(yo,o ± 5 y)^ ± 31 °g 2 ( n )) + £ m 'eyi,o,™ too." ± 

Q(l±0(5y)) 

c / 2x + 2/0,17/0,0 + g/i,o2/o,o ± / / ( 9( t + 1 ) ( 5 + (?/ + ^) 31 °g 2 («<)^ ( 1±0 (^)) 



(q /2)y/n J J n 



C (2/+! ±0^ + 1)5/ 



Now, let it; S Yi^m;^)) and suppose «w E and wto G Oi,j. Let z be the unique vertex in 
Z vw (i). Then w ^ ii,i,uii(« + 1) if and only if 

e i+ i e (y^ u y U Yo,o,vz U \ {to}. 

Therefore 
EO^WIft A % A (to ^£ m )) 

= £ 



Eo<i,fc<i(^,fc ± ^)v^± 2(2/0,0 ± <Wn± (31og 2 (n) + 2) 



C (^±0(4 + 1)^)1. 

Provided .fT is suitably large, it follows from (6) that the trend hypothesis holds for the |lj 

To argue boundedness, we first note that if e^+i £ Oq^, then the only pairs which either become 
closed or move from Oo,i to Oi,i+i are those in Y ei+1 , and no edges move from Eq^ to On the 

other hand, if ej+i S Oi,i, say ej+i = to, then letting z £ Z u „, the open pairs which become closed 
are those in Y uv U Y uz U Y vz and the edges which enter E± i+\ from Eq^ are uz, vz. Conditioned on 

Hi, Lemma 3 implies \Yr k ^ uv \ < 31og 2 (n) + 2 < 2 Jjl +t ■ 

Next, we observe that, conditioned on the maximum contribution to any Yj^ tUV (i + 1) from 
some Xi uv (i) in a single step is at most 1, while the maximum contribution from a Yj'^' tUV (i) is at 

most 31og 2 (ra) + 2: our earlier arguments show that \Y^ kuv {i)\ < 61og 2 (re) + 5 < 2r f/l + e , and the 
boundedness hypothesis holds. 

3.4 Complete Vertices 

Here we show that lim n _ !>00 Pr (7i m \G m ) = 1. First, we observe that for any uv E ('^) , 



p r ( | Z „ (i + i)i . | Zm ,i)l + Hfi) < {y(i i;_ iS 2 ^f n s ^ < 2 -^^ 

for n sufficiently large. 
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Consequently, 
and lim^oo Pr {H m \Q m ) = 1. 



3.5 Analytic Considerations 



We now verify the inequalities of Condition 4 of Lemma 1. Recall that m = /uyd~og(n)n 3 / 2 , s = n 3 / 2 , 
Sj = n 1 / 6 for all j, and we set c = ^, and e = 1/12 in our application as well as selected C to be 
suitably large. 

It follows immediately that n 3 ^ 1 / 12 ) < s < m < n 2 and n 2//12 < sj < n -1 / 12 s. Noting that each 
kj < n, it also follows that 40Cs 2 kjn 1/12 < 40C?i 17/12 < n 3 / 2 = s. Additionally, since jj = 6j - 1, 

inf 6> • (t) - 7 7 - (t) /2 > inf 0,- (t)/2 + 1/2 > 1/2. 
t>o t>o J 

We next show that the expressions in Condition 4 of Lemma 1 for which C must be an upper 
bound are bounded: as there are finitely many such expressions, it follows that some C suitably 
large suffices. Recall that we write q^, x^ 1 , y kl for the positive and negative parts of dq a /dt, dxj/dt, 
and dykj/dt, respectively. 

To argue that and are bounded over the reals, it suffices to observe that 

2 



± . + , 2x y ,o _ . 2x (y + 2y ,o) + , 2x + yyo,o , _ , 3y 
a < V, xj < , x- < '—, y^< , and y kl < — 



As y < 6te -4 * 2 , yo,o < \Z2e~ 4 * 2 , g > ^e -4 * 2 , and xo = e -8 * 2 , it follows that each is bounded by 
a function of the form g \ (t) e~ ' 4 * 2 , where g\ is quadratic in t, which itself is trivially bounded over 
[0,oo) by some constant, call it C\. The bounds on |<j£|, \x'j\, \y' k i\ follow immediately by noting 
each is at most 2C\. 

Next, we bound / °° |g£(t)| dt, / °° |a^(t)| di, and J °° di. First, as r(t) G [0, for all 

t > 0, it follows from (1) that \r'(t)\ is bounded on [0, oo), and as 

r , l{t) _ 24r(t)r>(t) 



(l + 4r(t) 2 ) 2: 



therefore |r"(i)| = —r"(t) is bounded as well. 

It then follows from Theorem 3 that we can bound max^^H^i)!, |yj^(t)|} by a func- 

tion of the form <?2(i) e ~ 4 * 2 , where g2 is a polynomial in t. We let C2 = J °° <?2(i)e -4 * 2 dt. Provided 
we take C > max{2Ci,C2}, the remaining inequalities requiring C are satisfied. 

We turn finally to the inequalities involving hf. as hj = 9j, and \h'j\ = \9"\ = 0'', and both 6j 
and Oj are strictly increasing on [0, 00), it follows that 

rm/s 

I \h'j(t)\dt<hj(m/s)= sup \hj(t)\. 

JO 0<t<m/s 
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From (6), we have that 

hj{m/s) < 2{K + 4) (jiy/log(n) + l) % (/Vlog(n)) < 3Ky/log(n) ■ n £ < n 1 / 12 

by recalling that e < 1/40 and our choice of /j, ensured 9j(fiy/log(n)) < n £ for all j. This completes 
the verification of Condition 4 of Lemma 1, and consequently the proof of Theorem 4. 



4 Degree Regularity - Proof of Theorem 5 

To prove Theorem 5 we apply Lemma 1 with the following values: s = n 3 / 2 , e = 1/12, m is as 
given in the introduction, c = 1/2, and C is a suitably large constant. Additionally, kj = 1 and 



Sj = n 1 / 6 . 



• For j G {1, 2}, we set Sj = n, Uj >v = \Wj-± tV \, Uj = 2qj-\, 9j = 9 q and 7j = 9 q — 1. 

• For j = 3, we set S3 = y/n, Us >v = do >v , U3 = 2r(t), #3 = 6 r and 73 = 9 r — 1. 

• For j = 4, we set S4 = y/n, U^ v = di >v , U4 = 2{t — r(t)), #4 = 9 r and 74 = # r — 1. 

• Let be the event that the conclusions of Theorem 4 hold for the first i* steps, and that 
\Z uv (i)\ < log 2 (n) for < i < i* and all uv G ( [ ™ ] ). 

It then follows that 

hjit) _\t 5 v if i e {1,2} 

4-i "1^±?^^ ifje{3,4}. (7) 

We first argue that the trend and boundedness hypotheses hold: fix a v G [re], and for j G {0, 1} 

let 

\W j>v (i + 1)| - IW^COI = - W~ v (i), and d i>t ,(* + 1) - d j)V (i) = dt (i) - dj >v (i). 

For a fixed u; G Wi >v (i), let z = be the unique vertex in Z vw (i). 

It follows from the definitions as well as Lemma 2 and the manipulations in Section 3.1 that 
ECWo+COIftATfc) = 

E^olftAWi) = £ |y ™i%i +1 cf^±0(l)^^ 
ECw^wiftAWi) = £ 1^1 + |y ,o,«l + liWI ~ 1 g f ggl^ + 2 ^°) ± Q (i)& 



jz 1 v n. 



As y = 8tq, z/o,o + 2/1,0 = 8^0, and yo,i + 2/1,1 = 8igi, the trend hypothesis for the \Wj )V \ follows 
from (7), provided K is sufficiently large. Boundedness follows from the earlier observation that 
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the maximum change to the Qj is at most %\fn <C n 1 e . 
We turn now to the dj^ v : clearly we have 

EMf.<OlftA*,)J w W - f«»±W 1 



> ± / 2q (25 q ) | 25, > 



9 V<?(<? - 25 g ) qo/2J J n 



Similarly, 



EK„ (i )ie, a Hi) = + £ ^2^ + 2^ ± om \ i and 

E(ci M WI^AHi) = 0. 

As 2ryo,o — 8r 2 go and q\ = 4r 2 go, the trend hypothesis follows. Boundedness follows easily from 
the fact that max{|d^|} < 2. 

The initial conditions are rather trivial to verify: the initial error is for all but | Wo,u(0)|, where 
it is exactly 1 = o(n 1-1 / 6 ). We turn now to Condition 4 of Lemma 1. Nearly all of the required 
inequalities were previously verified in Section 3.5, except those which involve (t — r(t)) or 8 r : it 
follows easily that \ j^\t — r(t)]\ is bounded and ^p[t — r(t)] = —r"{t). 

Furthermore, as hs(t) = h^t) = 0' r (t), it follows from (7) and the facts that e 4 * 2 < y (t), 
9y(m/s) < n e , and e < that 
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rm/s 

I \h!j{t)\dt< sup \hj(t)\ = hj(m/s) < n 1/12 

JO 0<t<m/s 



for j = 3, 4, completing the proof. 



5 Independence Number - Proof of Theorem 6 

To prove Theorem 6, we use the general approach to bounding the independence number of the 
triangle-free process presented in [1]. Recall that edge e.{ is blue if and only if ej S Oo,i-i> and that 
Theorem 4 yields that Oo,i forms a substantial portion of Oj for i = 0, . . . , m. 

We therefore argue as follows: first, we show that if I C [n] is large enough then / contains 
roughly qo(t)\I\ 2 pairs that are "almost" in Oo,«- Then, we argue that, for \I\ = 7y / log(n) • n with 
suitably large 7, a positive fraction of these pairs are actually in Oo,i- It will then follow that the 
probability that ej ^ L) ^ ^o,i f° r all i is significantly smaller than the number of choices of /, and 
the union bound will yield the final result. 
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Let p = |, P = 3u, and let 7 be a suitably large positive constant. We note that, as a 
consequence of Corollary 1, with high probability we have fi\Jn log(n) > A(Gj) + Cn 2p log 2 (n) for 
any C > and all % = 0, . . . , m. 

Let k = 1 ^-\Jn log(n). For A C [ra], let 

L A (i) = \v G [n] : |JV„(i) n A| > ^ j and L' A {i) = G [n] : |JV„(i) n A| > ^ - lj , 

where A^(i) = N Q)V (i) U N 1>v (i). 

We say a pair G (^) is weakly open with respect to A at time i* if uv ^ and Z uv (i) C 
Lyi(i) for i = 0, 1, . . . A pair which is not weakly open is weakly closed (even if it forms an 
edge in the graph Gi). Let Wa{i) be the set of weakly open pairs in A at time i. Finally, let Hi* 
be the event that the conclusions of Theorems 4 and 5 and Lemma 3 hold for < i < i* . 

Our first step is to show \Wa\ is of the "right" size. 

Lemma 4. Let X > 1 be fixed. With high probability, for all A with \A\ = Xk, 

l^(0l = (ft(t)±^§) l^l 2 - 

Proof. We apply Lemma 1 with the following values: s = n 3 / 2 , e = ^j, c and C are the same as in 
Section 3.5, s\ = n 1 / 20 , k\ = Xk, U\^a = \Wa\, U\^a = Qo, Si — (^k) 2 , 9\ = 9 y . Hi is as above, and 
we let 6 W = 1/20 = n7 ^ 60 fiy Conditions 3 and 4 of Lemma 1 are straightforward to verify, so we 
only argue the trend and boundedness hypotheses. 

Let\W A (i + l)\-\W A (i)\ = W A (i) — W A (i): clearly W%(i) =0. As a weakly open pair uv G (3) 
becomes weakly closed only when a+i connects uv to Y uv (i) \ L' A (i) or e^+i = uv, it follows that 
\W A < 2^ + 1 which suffices as n p 3> n 1 / 8 . It remains to verify the trend hypothesis for W A , for 
which we will appeal to the following simple claim which follows from the bound on the codegrees. 

Claim 1. Let X > 1, and A G (^). Conditioned on Hi, \L' A (i)\ < 2Xn p . 

Therefore 



E(W7(t)\Gi A Hi) 



\Y,„,\ ±l±2XnP 



^ Q 

uv£W A (i) 

3\nP • 



c 



■ (go ±6 w )(y±(45 y + ^)) \ X 2j,2 
g±25 q ) n 3 / 2 



c (™±0(t + l)5 u ^ X2k2 



g ' J n 3 / 2 

and as y = 8tg, the trend hypothesis is verified. 



□ 



Now, suppose Hi holds and fix an / C [n] with |/| = 71/n • log(n) 
Claim 2. 



> ^lll 2 - (8) 
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Proof. We begin by casting aside a small portion of the vertices in I as follows: let 

I' = (I n U{w£l: n Lj(i)| > 2}. 

It follows from Claim 1 and Lemma 3 that 

I 7 '' - 2 f^~s) n " + ( 2 • ^TTj • nP ) lo S 2 ( n ) ^ 65n 2 Hog 2 (n). (9) 

We then partition / into sets A, B, C, with |A| = \B\ = k as follows: let L C L/(i) be a maximal 
set of vertices such that 



\jN v (i) n(i\/') 



If L = L/, then let A C I be any fe-element subset of I \ I' containing (U^eL N v (i)) n (/ \ /'), 
and let £> be any /c-element subset of I \ (^4 U /'). Otherwise, let v' € Lj \ L be arbitrary, and 
let ^4 be any /c-element subset of U„gLu-jV} ^(*) ^ (-^ \ anc ^ De an y fc-element subset of 
>e£u{i/} ^ follows from our choice of /3, Corollary 1, and (9) that such a 1? exists. 

Finally, let C = I \ (A U B). 

By our choice of A and B, we have that for all v £ Lj, at least one of N v (i)f]A and N v (i)f]B is 
empty. This implies the final facts we need: WiCi(AxB) C Oo,j, and IF/\(ylx J B) C W^ucUWbuc- 
Provided 7 is chosen sufficiently larger than (3, it follows from two applications of Lemma 4 that 

\W I n(AxB)\>( qo -25 w ) l -±f>^\I\ 2 , 
and (8) follows by noting qo > |g. □ 
Following the remainder of the argument from [1], as T~Li holds, Q(i) < (3/2)g(i)n 2 , so 

P.L E 0„nffl> ,,,GEW 



2 J J ~ Wn ' 

and consequently the probability that e^+i ^ Oo,i ^ (2) for i = 0, . . . , m — 1, conditioned on T-L m , is 
at most 

„2, 



9ra 



exp f-"^- !og 3/2 • \/nJ , 



while 

n 



^ < exp g log 3 / 2 



n ■ x/n 



v 7ynlog(n), 

By the union bound, with high probability all such / contain at least one blue edge in G m . 

6 Concluding Remarks 

An immediate consequence of Theorem 5 is that, w.h.p., I-E^ml = o(m), and therefore e(Gbiue,m) = 
(2/3 + o(l))e(G m ). Despite the fact that we believe m to be only a small fraction of the final size, 
we believe this relationship holds for the final graph as well, which we state as a conjecture. 

Conjecture 1. 

'2 



e{G bl ue) = (3+0(1) ) e(G M )- 
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